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Abstract: We consider the hydrodynamics of supersymmetric fluids. Supersymmetry is
broken spontaneously and the low energy spectrum includes a fermionic massless mode,
the phonino. We use two complementary approaches to describe the system: First, we
construct a generating functional from which we derive the equations of motion of the
fluid and of the phonino propagating through the fluid. We write the form of the leading
corrections in the derivative expansion, and show that the so called diffusion terms in the
supercurrent are in fact not dissipative. Second, we use an effective field theory approach
which utilizes a non-linear realization of supersymmetry to analyze the interactions between
phoninos and phonons, and demonstrate the conservation of entropy in ideal fluids. We
comment on possible phenomenological consequences for gravitino physics in the early
universe.
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1. Introduction
Spontaneously broken symmetries play an important role in the physics of fluids. Phonons
can be considered as the Goldstone modes of Lorentz symmetry, which is broken by the
choice of the fluid’s rest frame. Another example is the phenomenon of superfluidity,
where the spontaneous breaking of a U(1) global symmetry leads to the appearance of a
non-dissipative flow in the fluid.
Supersymmetry is broken at finite temperature since the thermal ensemble differen-
tiates between the statistics of fermions and bosons. Interestingly, this symmetry is not
restored at high temperature [1]. It is well known that when supersymmetry is sponta-
neously broken, the low energy spectrum contains a fermionic massless mode, known at
zero temperature as the goldstino. A similar situation happens in supersymmetric fluids at
finite temperature, where a long range fermionic fluctuation appears. This mode is called
phonino. The existence of this mode was demonstrated by using the real-time formalism
in [2]. Its dispersion relation was calculated for strongly coupled supersymmetric plasma
using the AdS/CFT correspondence in [3, 4, 5]. At leading order in momenta, the phonino
satisfies a linear dispersion relation with velocity (see also [6, 7]):
vG =
∣∣∣∣Pε
∣∣∣∣ , (1.1)
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where P is the pressure and ε is the energy density. In simple cases where P ∝ ε, the speed
of the phonino is the square of the speed of (first) sound. At zero temperature |P | = |ε|
and the phonino is the goldstino, a free relativistic fermion.
The existence of this mode can be understood as a consequence of a supersymmetric
Ward-Takahashi identity for the supercurrent two-point function [8]1:
∂µ
〈
T{Sµ(x)S¯ν(y)}〉 = δ(4)(x− y) 〈T νρ〉σρ . (1.2)
Going to momentum space and assuming a constant energy-momentum tensor the identity
becomes
−ikµΓµνSS = 〈T νρ〉 σρ . (1.3)
In order to satisfy this identity for all momenta we need that ΓSS ∼ 1/k, which is possible if
there is a massless fermionic mode, the goldstino/phonino. Let us assume that the system
is at thermal equilibrium and that the energy-momentum tensor takes the form of that of
an ideal fluid
〈T µν〉 = diag (ε, P, P, P ) . (1.4)
As in the case of spontaneous breaking of supersymmetry, we expand the supercurrent
Sµ (S¯µ) at low energies in derivatives of the phonino field G¯ (G) :
S0 = iFtσ
0G¯+ · · · , Si = iFsσiG¯+ · · · , (1.5)
where we have assumed rotational invariance but not Lorentz invariance. In these conven-
tions G is a Weyl fermion. The identity (1.3) becomes
− i(Ftk0σ0 + Fskiσi)
〈
GG¯
〉
Ftσ
0 = εσ0, (1.6)
− i(Ftk0σ0 + Fskiσi)
〈
GG¯
〉
Fsσ
i = −Pσi , (1.7)
The equations require that the propagator of the phonino has the form
〈
GG¯
〉
=
1
Ft
i
(
k0σ
0 + vGkiσ
i
)
k20 − v2Gk2i
, (1.8)
where
Ft = ε, Fs = −P, vG = Fs
Ft
= −P
ε
. (1.9)
There is some arbitrariness in the normalization, this choice corresponds to the definition
of the supercurrent
Sµ = iT µν σ
νG¯+ · · · (1.10)
such that the conservation of the supercurrent becomes
0 = ∂µS
µ = iT µν σ
ν∂µG¯+ · · · (1.11)
1In our conventions the supercurrent has a relative factor 1/
√
2 respect to the one originally used. This
removes a factor of 2 from the right hand side of the WT identity.
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At zero temperature T µν = −εδµν and the propagator of the phonino becomes that of
the goldstino. In this case the energy density is determined by the scale of supersymmetry
breaking ε = |f |2. When Lorentz invariance is broken, |vG| 6= 1 is the velocity of the
phonino. Note also that the conformal Ward identity for the supercurrent agrees with the
tracelessness of the energy-momentum tensor in a CFT
σµS
µ ∝ (T µµ )G¯+ · · · = 0 . (1.12)
These two equations are valid to lowest order at the ideal level even out of equilibrium,
although there can be derivative corrections beyond the ideal level.
In this work we will be studying the hydrodynamic regime of supersymmetric field
theories, that is the the combined effective theory of the phonino and the fluid. In particular
we will be interested in the motion of the phonino through the fluid itself and in its
interactions with other long range modes in the fluid, the phonons. In order to describe
the motion of the phonino through the fluid, we will begin by constructing the effective
action following a method inspired by the recent works [9, 10]2 to derive relations between
transport coefficients from a generating functional depending on external metric and gauge
fields. We will adapt the method to include gravitino sources and the phonino. From the
resulting generating functional one can derive the equations of motion of the fluid and of
the phonino propagating through the fluid. Since the gravitino sources are included, it can
also be directly interpreted as the contribution to the effective action of the gravitino from
the fluid. As we will see, a mass for the gravitino appears at the order of the first derivative
corrections of the fluid.
We note that supersymmetric hydrodynamics has been studied in [13]. Our analysis
is rather different. In [13] the concepts of ”classical” supersymmetric charge and chemical
potential are introduced and are used to define the constitutive relations with which one
can express the supercurrent. This is done is analogy to the hydrodynamic description
of bosonic currents such as the stress-energy tensor and global symmetry currents. How-
ever, one cannot define consistently classical fermionic charges as the expectation values of
fermionic operators is zero. We therefore propose that the correct analysis of the hydro-
dynamics of supersymmetric field theories is not that of a flow of a fermionic charge, but
rather the dynamics of the phonino in the normal fluid.
Although in principle one can derive all the relevant information from this generating
functional, in order to study interactions of the phonino with the phonons in the fluid
it is better to use a slightly different set of variables, that in particular will allow us to
make contact with the effective actions at zero temperature of the goldstino existing in the
literature. The approach is based on the Akulov-Volkov formalism for non-linearly realized
supersymmetry (NLRS) [12]. The main results of this analysis are the following: first, we
introduce a formulation to relate NLRS to hydrodynamics via conserved currents which is
shown to be consistent on both ends - it is a valid hydrodynamics description of ideal fluids
in the sense that entropy is shown to be conserved, and it has the correct transformation
properties under supersymmetry. The important new constraint we impose is that both
2See also [11], where the partition function is constructed from a microscopic theory with free fermions.
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the currents and their conservation equations transform in a way which is consistent with
the SUSY algebra. This leads to a unique construction of the physical currents in terms of
currents dressed with appropriate goldstino factors. Since this construction is dictated by
symmetry, it is valid even in the absence of a Lagrangian description for the microscopic
system. Secondly, we use this formalism to study the dynamics of phoninos in ideal fluids.
We find the phonino dispersion relations and compute the expressions for the leading
interactions between phoninos and phonons.
The paper is divided into two sections – one for each of the two formalisms mentioned
above. We conclude with a short discussion of the phenomenological implications of this
analysis. A review of non-linearly realized supersymmetry and details of some of the
computations appearing in the paper are given in the appendix.
2. Generating functional with a phonino
We will consider a relativistic fluid in the presence of external sources. We will assume
that all the microscopic degrees of freedom have been integrated out and that we can use
a hydrodynamic approximation to describe the properties of the system. If the underly-
ing theory is supersymmetric we expect that a collective massless fermionic fluctuation
exists, the phonino. The motion of the phonino should be included in the hydrodynamic
description, and as a first approximation we can treat the phonino as propagating through
a thermal medium but not affecting its properties. The effective action of the phonino
will depend on the properties of the medium and on external sources, and we can use
supersymmetry to constrain its form. The partition function of the theory will take the
form
Z =
∫
DGDG¯eiW [G], (2.1)
where G is the phonino and W is determined by the temperature and possible external
sources. In principle W is a non-local functional, but it has a local expansion when static
configurations (in the rest frame) are considered as explained in [9, 10].
In order to describe the effect of the medium, the temperature and the chemical po-
tential are treated as external sources and W becomes the generating functional for them.
In the absence of chemical potential, the generating functional takes the form
W =
∫
ddx
√−gP (T ) + · · · (2.2)
Where T = T0/
√−V 2 = T0/
√−gµνV µV ν is the temperature and V µ is proportional to
the velocity of the fluid.
The energy-momentum tensor is
T µν =
2√−g
δW
δgµν
= Pgµν + T
∂P
∂T
V µ√−V 2
V ν√−V 2 = Pg
µν + Ts uµuν . (2.3)
The equations of motion can be deduced from diffeomorphism invariance of the underlying
theory. Although the background metric breaks physical diffeomorphism invariance, the
partition function is invariant up to anomalies under a combined transformation of the
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dynamical fields and the external sources. This implies that the generating functional
should be invariant up to anomalies under transformations of the sources
δagµν = ∇µaν +∇νaµ. (2.4)
Then,
0 = δaW =
∫
ddx
δW
δgµν
δagµν ⇒ ∇µT µν = 0. (2.5)
Suppose now that there is a global symmetry with a chemical potential3
µ =
V µAµ√−V 2 . (2.6)
The current is defined as
Jµ =
1√−g
δW
δAµ
=
∂P
∂µ
V µ√−V 2 = ρu
µ. (2.7)
invariance of the generating functional under gauge transformations δλAµ = ∂µλ imposes
the following condition
0 = δλW = −
∫
ddx
√−gλ∇µJµ. (2.8)
If the global symmetry is spontaneously broken there is a Goldstone boson φ. Under a
global symmetry transformation δλφ = λ. The chemical potential can be defined as
µ =
V µ(Aµ −∇µφ)√−V 2 , (2.9)
which is explicitly gauge invariant and gives the Josephson condition uµ∇µφ = −µ in the
absence of sources. A new scalar quantity on which the generating functional can depend
is (Aµ −∇µφ)2.
If the underlying theory is supersymmetric, we can extend the same arguments to
supersymmetric transformations. The difference is that now we should consider more
general external sources, including a gravitino. The generating functional is a function of
the vierbein, spin connection and gravitino background values (we do not consider global
bosonic symmetries for the moment)
W [eaµ, ω
ab
µ ,Ψ
α
µ, Ψ¯
α˙
µ ] =
∫
ddx
√−gP (T, µα, µ¯α˙), (2.10)
Here α refers to spinor indices and we denote
µα =
V µ√−V 2Ψ
α
µ . (2.11)
The generating functional should be understood as having an expansion in the Grassmann
fields. Ψµ to be a Weyl spinor in the notation of [14].
3This expression is not explicitly gauge-invariant. A gauge-invariant expression involves a Wilson line
along the time direction defined by the Killing vector V µ∂µ. Fixing the gauge so that only time-independent
transformations are allowed, the chemical potential takes the form (2.6).
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Under a supersymmetric transformation, the variation of the sources is (suppressing
spinor indices)
δξe
a
µ = i(Ψµσ
aξ¯ − ξσaΨ¯µ), (2.12)
δξω
ab
µ = 0, (2.13)
δξΨµ = −2Dµξ, (2.14)
δξΨ¯µ = −2Dµξ¯. (2.15)
The derivative Dµ includes the spin connection. These transformations are actually special
for Poincare´ symmetry. Had we considered for instance a theory in anti-de Sitter space the
transformations would be different. Introducing external gauge fields will also modify the
supersymmetric transformations.
A general supersymmetric transformations of the generating functional leads to
δξW =
∫
d4x
[
δW
δeaµ
δeaµ +
δW
δΨ¯µ
δΨ¯µ + δΨµ
δW
δΨµ
]
. (2.16)
0 = δξW =
∫
d4x
√−g [iT µνΨµσν ξ¯ + 2ξDµSµ + h.c.] . (2.17)
Therefore, the conservation equations for the supercurrent are:
2DµSµ = iT µνσµΨ¯ν , 2DµS¯µ = −iT µνΨµσν . (2.18)
Now we can take into account the effective spontaneous breaking of supersymmetry, as
it happens at finite temperature, by introducing the phonino field, whose transformation
under supersymmetry is
δξG = ξ, δξG¯ = ξ¯. (2.19)
The scale of supersymmetry breaking appears in the definition of the supercurrent. This
field is analogous to the phase of the condensate in spontaneous breaking of global sym-
metries.
The effective action of the phonino will be determined by the original generating func-
tional in an analogous way as some terms in the effective action of Goldstone bosons are
determined by the generating functional for gauge fields. With the phonino we can con-
struct the SUSY-invariant combinations
ψµ ≡ Ψµ + 2DµG, ψ¯µ = Ψ¯µ + 2DµG¯, (2.20)
for the gravitino sources. For the vierbein we can form the combination
Eaµ = e
a
µ − i(ΨµσaG¯−GσaΨ¯µ)− 2i(DµGσaG¯−GσaDµG¯). (2.21)
The transformation of the dressed vierbein is
δξE
a
µ = −2i(DµGσaξ¯ − ξ¯σaDµG¯). (2.22)
– 6 –
We can also write it as
Eaµ = e
a
µ − i(ψµσaG¯−Gσaψ¯µ) . (2.23)
This choice for the dressing of the vierbein leads to an action whose supersymmetry vari-
ation is independent of the gravitino and, as shown below, gives the correct equations of
motion. This approach is similar to the AV formalism we will use in the next sections, but
the hydrodynamic variables will be described differently. Note also, that in the current
approach the SUSY transformations are linear and the variation of the generating func-
tional gives the conservations laws, while in the AV formalism the SUSY transformations
are nonlinear under which the effective action is invariant.
The dependence on the metric is changed to a dependence on the covariant combination
gµν → Gµν = ηabEaµEbν . Then, the pressure depends on the dressed temperature
Tˆ =
T0√−GµνV µV ν , (2.24)
where
GµνV
µV ν = gµνV
µV ν
(
1− 2iua(µσaG¯−Gσaµ¯)− ηab(µσaG¯−Gσaµ¯)(µσbG¯−Gσbµ¯)
)
.
(2.25)
The velocity and the fermionic chemical potential are defined in the usual way, as we will
also do with the temperature
uµ =
V µ√−V 2 , µ = u
µψµ, T =
T0√−V 2 . (2.26)
where we have defined V 2 = gµνV
µV ν .
In the absence of sources the definition of the chemical potential gives a relation uµψµ =
uµDµG = µ similar to the one found in a superfluid. In the generating functional the
covariant form of the chemical potential should appear
µˆ =
V µ√−GµνV µV ν ψµ . (2.27)
The pressure is a function of the temperature and fermionic bilinears P (Tˆ , ψ2, µˆ, ¯ˆµ),
but not all the terms are of the same order. We are doing an expansion in small derivatives
∇µ ∼ ǫ. In order to keep all contributions to the vierbein of the same order Eaµ ∼ 1 and
assuming that the velocities are of the same order V µ ∼ 1, we should fix the scaling of the
phonino to G ∼ 1/√ǫ. In this case ψµ ∼
√
ǫ, so bilinear contributions to the stress-energy
tensor are suppressed ∼ ǫ. Similarly, this scaling behavior ensures that contributions to the
supercurrent which are linear in ψ are suppressed by a factor of ǫ with respect to the leading
contribution, which is proportional to G. We conclude that the contributions related to
ψ and µˆ are of order ǫ, the same as the contributions of bosonic fields that contain one
derivative.
We now define the generating functional to leading order as
W =
∫
d4xEP (Tˆ ), (2.28)
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where E is the veilbein determinant. Under a supersymmetric variation
δξW =
∫
d4xE
(
2iT µaDµGσaξ¯ + h.c.
)
, (2.29)
where the energy-momentum tensor has been defined as
T µa =
1
E
δW
δEaµ
. (2.30)
Therefore, supersymmetry requires that the following condition is satisfied
T µaDµGσa = 0 . (2.31)
Using the condition (2.31) and the Fierz identities
χσaψ¯ = −ψσaχ¯, (2.32)
the generating functional satisfies the Wess-Zumino consistency condition
(δηδξ − δξδη)W = 2i
∫
d4xET µaDµ(ησaξ¯ − ξσaη¯). (2.33)
Since Eaµ transforms under diffeomorphisms in the same way as e
a
µ, diffeomorphism
invariance of the action requires that T µa is conserved. The conservation equation is, in flat
space
∂µ (ET
µ
a) = 0 . (2.34)
Although there is a factor depending on the vierbein, its derivative is zero in the absence
of gravitino sources
EEνb T
µ
a∂µE
b
ν = −4iEEνb T µa∂µGσa∂νG = 0 . (2.35)
Where we have used that
T µa∂µGσ
a = 0 . (2.36)
We can use the vierbeins to define the energy-momentum purely in the orthogonal
frame
T ab = E
a
µT
µ
b . (2.37)
The explicit form of the energy-momentum tensor is
Tab = ηabP (Tˆ ) + Tˆ
∂P
∂Tˆ
ηacηbdE
c
µV
µEdνV
ν
−ηabEaµV µEbνV ν
. (2.38)
We can simplify further this expression using that
EaµV
µ = V a − iV µ(ψµσaG¯−Gσaψ¯µ) = V a +
√
−V 2ζa =
√
−V 2(ua + ζa), (2.39)
where V a = eaµV
µ as usual and we have defined
ζa = −i(µσaG¯−Gσaµ¯) . (2.40)
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Note that the dressed temperature is
Tˆ =
T√
−ηab(ua + ζa)(ub + ζb)
. (2.41)
Assuming there is no external gravitino, there are only four independent components
in the Grassmann field G, so there can be up to O(ζ2) terms. For the temperature this
means
Tˆ = T
(
1 + uaζa +
1
2
(ηab + 3uaub)ζaζb
)
. (2.42)
The pressure then can also be expanded as
P (Tˆ ) = P (T ) +
∂P
∂T
(
uaζa +
1
2
(ηab + 3uaub)ζaζb
)
+
1
2
∂2P
∂T 2
uaubζaζb. (2.43)
Finally, the energy momentum tensor takes the form
Tab = ηab
(
P (T ) + a1u
cζc + (a2η
cd + a3u
cud)ζcζd
)
+ uaub
(
T
∂P
∂T
+ b1u
cζc + (b2η
cd + b3u
cud)ζcζd
)
+ (uaζb + ubζa)
(
T
∂P
∂T
+ c1u
cζc
)
+ ζaζbT
∂P
∂T
. (2.44)
Where
a1 =
∂P
∂T
, a2 =
a1
2
, a3 = 3a1 +
∂a1
∂T
,
b1 = T
(
2a1 +
∂a1
∂T
)
, b2 =
b1
2
, b3 = T
(
4a1 +
7
2
∂a1
∂T
+
∂2a1
∂T 2
)
,
c1 = b1. (2.45)
The first derivative corrections depending on the phonino are easy to compute. First
note that the field ψµ is in a
(
1
2 , 0
)⊗ (12 , 12) = (0, 12)⊕ (1, 12) representation of the Lorentz
group, while ψ¯µ is in
(
0, 12
) ⊗ (12 , 12) = (12 , 0) ⊕ (12 , 1). Therefore, there are four possible
scalar bilinear combinations
Gµνψµψν , G
µν ψ¯µψ¯ν , ψµσ
[µν]ψν , ψ¯µσ¯
[µν]ψ¯ν , (2.46)
all of which are of order ∼ ǫ in our expansion. We can add these terms in the pressure
with arbitrary coefficients depending on the dressed temperature
P = P0(Tˆ ) + P1(Tˆ )µˆ
2 + P2(Tˆ )G
µνψµψν + P3(Tˆ )ψµσ
[µν]ψν + h.c. + · · · (2.47)
Note, that the new terms can also be interpreted as bilinear terms for the gravitino field
induced by the fluid. In particular, the term proportional to P3(Tˆ ) has the form of a
mass for a Rarita-Schwinger field, while P2(Tˆ ) and could be interpreted as a mass for the
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spin-1/2 components of the gravitino field. Note that both coefficients can be complex in
general, for instance
P2(Tˆ )G
µνψµψν+h.c. = ReP2(Tˆ )
(
Gµνψµψν +G
µν ψ¯µψ¯ν
)
+iImP2(Tˆ )
(
Gµνψµψν −Gµν ψ¯µψ¯ν
)
.
(2.48)
Both terms can contribute to the dispersion relation of the phonino, adding a contribution
quadratic in the momentum which has a real part proportional to ReP2(Tˆ ) and a imaginary
part proportional to ImP2(Tˆ ). In the conformal case P2(Tˆ ) and P3(Tˆ ) are not independent.
P2(Tˆ ) has been calculated for particular examples in the AdS/CFT framework [3, 4, 5] and
it modifies the phonino dispersion relation. It was found that for N = 4 SYM, ReP2(Tˆ ) = 0
and ImP2(Tˆ ) 6= 0, implying that this is a damped mode. However, it is clear from our
construction that although it apppears at the first derivative order it is not a dissipative
term in the sense that it does not contribute to the entropy current.
In the following sections we will introduce a slightly different formalism that we will
use to compute the interactions between phoninos and phonons. Although the results
are equivalent in the two formalisms and there are many parallelisms, the differences are
important enough that we will give a detailed description of it.
3. Effective field theory approach for phonino dynamics
Phonino dynamics can be studied using an effective field theory. This approach is based
on a Lagrangian description, and therefore valid only for ideal fluids, but it will give a
new perspective on the results of the generating functional formalism and enable us to
investigate the interactions with the other long range modes in the fluid, the phonons.
As in the previous section, we write the most general action allowed by symmetry, and
the effects of spontaneously broken supersymmetry are manifested in the appearance of
the fermionic zero mode. The framework we will use to incorporate the phonino into
the dynamics of the fluid is the Akulov-Volkov (AV) formalism for non-linearly realized
supersymmetry (NLRS), which is reviewed in appendix A [12].4 At this point we would
like to emphasize three points related to this framework. First, we define the standard
non-linear realization of supersymmetry for a generic field φ as follows:
δξφ = −i
(
Gσµξ − ξσµG)∂µφ . (3.1)
In the appendix it is shown that the transformation properties of the Goldstino are such
that this transformation rule satisfies the supersymmetry algebra.
Secondly, we introduce the AV vierbein
A aµ ≡ δaµ + i
(
Gσa∂µG− ∂µGσaG
)
. (3.2)
This expression is essentially equivalent to the construction discussed in (2.23) but we will
use this notation in this section in order to avoid confusion with the standard literature in
4Another possible formalism for NLRS is the framework of constrained superfields which has recently
gained renewed attention thanks to the work of [15]. We chose to avoid the usage of superfields because at
nonzero temperature they require non-trivial boundary conditions in superspace.
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the field.5 This vierbein is used to define the AV covariant derivative
∇ˆaφ ≡ (A−1) µa ∂µφ , (3.3)
which transforms according to the standard NLRS. Another well known result is that in
order to build a manifestly SUSY invariant Lagrangian out of a non-SUSY Lagrangian,
one has to make the following modification
L(φ, ∂φ)→ AL(φ, ∇ˆφ). (3.4)
In other words, one has to multiply by the determinant of the AV vierbein, and replace all
derivatives with the AV covariant derivate.
Thirdly, we would like to discuss another aspect in which the AV formalism enters
the low energy theory, even in the absence of a Lagrangian description of the system. As
far as we are aware this point does not appear in the literature on the subject. Theories
with symmetries require well defined currents, jµ, which should satisfy well defined conser-
vation equations. Since the conservation equations contain derivatives and not covariant
derivatives, it is not trivial that the SUSY transformation of the operator ∂µj
µ satisfies
the SUSY algebra. In appendix A.2 we show that in order to construct a current for which
the SUSY transformation of both the current and its conservation equation satisfies this
condition, one should use the following form
jµ = A(A−1) µa jˆ
a (3.5)
where jˆa is an operator that in the limit where the goldstino is set to zero is equal to the
current, and it is defined to transform according to the standard NLRS (3.1). We will refer
to such currents as ”standard realization” (SR) currents, bearing in mind that these are
merely useful notations and not necessarily physical quantities. The physical current jµ
has the same value at the zero goldstino limit, but has a different transformation law.
In appendix A.3 we show that this is the general form for the Noether currents in a
theory with NLRS. However, we would like to stress that it can be used also in theories
without a Lagrangian description, because it comes directly from constraints imposed by
the SUSY algebra. More interestingly, in our effective field theory discussion of hydrody-
namics we find the same form for the entropy current
sµ = A(A−1) µa sˆ
a (3.6)
and demonstrate that indeed this is a conserved current.
3.1 A Lagrangian formulation of ideal hydrodynamics with phoninos
In this subsection we briefly review a Lagrangian formulation of ideal hydrodynamics (see,
e.g., [16, 17]). We begin with the following Lagrangian
L = F (B) = F
(√
det(∂µφI∂µφJ)
)
, (3.7)
5Notice that in this formalism the goldstino/phonino has different transformation properties. Also, when
using the AV formalism we will assume a flat metric.
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where we denote BIJ ≡ ∂µφI∂µφJ , B ≡
√
det(BIJ), and F (B) is some unspecified func-
tion. F (B) is analogous to P (T ) which was introduced in the generating functional for-
malism, but it has a different physical interpretation which will be presented below.
The φI fields can be viewed as the coordinates for the location of an element of the
fluid in a static coordinate system. B can be written as:
B =
√−sµsµ
sµ =
1
6
ǫµνρσǫIJK∂νφ
I∂ρφ
J∂σφ
K . (3.8)
We note that by definition the vector sµ has zero divergence. Also, it is normal to the
gradient of the coordinate, so it has to be proportional to the velocity. Recalling that the
velocity is normalized to uµu
µ = −1 we find the relation
uµ =
sµ
B
. (3.9)
The canonical stress energy tensor in this system is
T µν = ηµνF − FBB
(
B−1
)
IJ
∂µφI∂νφJ = (F − FBB) ηµν − FBBuµuν (3.10)
where we used the relation
(
B−1
)
IJ
∂µφI∂νφJ ≡ ∆µν = ηµν + uµuν . (3.11)
This relation can be understood by noting that this is a projection operator which satisfies
∆µνuµ = 0. We can identify the isotropic part of the tensor as the pressure and define
P ≡ F − FBB ε ≡ −F , (3.12)
where ε is the energy density and we denote FB ≡ dFdB . Using the thermodynamic relations
(in the absence of global charges)
Ts = ε+ P , (3.13)
one can identify B as the entropy density s and −FB as the temperature (up to multiplica-
tive factors). This means that the current sµ = Buµ is in fact the entropy current, and as
mentioned above, it is conserved by construction. This is an important point because it
means that the system is not dissipative and therefore the description using a Lagrangian
formalism is consistent.
The last missing piece is the differential thermodynamic equation
Tds = dε , (3.14)
which is necessary to show the consistency of the conservation of the entropy current when
the equations of motions are satisfied:
− T∂µ (suµ) = −uµ∂µε− (ε+ P ) ∂µuµ = uν∂µT µν = 0 (3.15)
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The final form of the action is
S = −
∫
d4x ε(s), (3.16)
where s = B is the entropy density and ε = −F is the energy density. Note that this
is related to the action we used in the generating functional formalism by a Legendre
transform
P
(
T =
∂ε
∂s
)
= −ε+ s∂ε
∂s
,
− ε
(
s =
∂P
∂T
)
= P − T ∂P
∂T
. (3.17)
This establishes the connection between the two formalisms presented in this paper. In
both cases we define a vector which is proportional to the velocity, V µ in the generating
functional case and sµ in the effective field theory, whose normalization is in fact the basic
dynamical variable in the action (s =
√−s2 and T = T0√−V 2 ) and it is related via the
Legendre transform to the other. Spontaneously broken supersymmetry will enter the
game in both cases dressing this vector with modified vierbeins.
The form of the Lagrangian appearing in (3.7) was dictated by the symmetries of the
system – translations, rotations and volume conserving diffeomorphisms. Now, we would
like to take into account NLRS as well, using the prescription given in (3.4):
F (B) → AF (Bˆ) , (3.18)
where now
Bˆ =
√
det(∇ˆaφI∇ˆaφJ) =
√
−sˆasˆa
sˆa = ǫabcdǫIJK∇ˆbφI∇ˆcφJ ∇ˆdφK (3.19)
Using this procedure we find an action which is manifestly invariant under the non-linear
supersymmetry transformation (A.1) and (3.1), to be compared with the generating func-
tional approach which is invariant only up to equations of motion under (2.19). The
advantage of the approach taken in this section is that it contains the phonon and phonino
as elementary fluctuations with respect to a static background, and can be used to study
their scattering processes in this limit.
A few comments regarding the vector sˆa are in place. First of all, it transforms ac-
cording to the standard NLRS, because it is constructed using AV covariant derivatives.
Secondly, unlike the vector sµ defined in (3.8), it is not necessarily conserved (even with
respect to an AV covariant derivatives, because the AV covariant derivatives do not com-
mute). Most importantly, it can be related to the vector sµ by multiplying by AV factors:
A(A−1) µa sˆ
a =
1
6
A(A−1) µa (A
−1) νb (A
−1) ρc (A
−1) σd ǫ
abcdǫIJK∂νφ
I∂ρφ
J∂σφ
K = sµ
(3.20)
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We will show below that the vector sµ can be identified as the entropy current even in the
supersymmetric case. This results in two important conclusions: the entropy current in the
supersymmetric fluid is conserved by construction, and its conservation equation satisfies
the SUSY algebra. The second point is ensured by the fact that it is written in the form
suggested in (3.6)6.
In order to verify that the vector sµ can indeed be identified as the entropy current,
we derive the canonical energy-momentum tensor in (A.22), and find that it equals the SR
stress-energy tensor dressed with AV factors
T µa = A(A−1) µb Tˆ
ab = A(A−1) µb
(
ηab
(
F − FBˆBˆ
)
− FBˆBˆuˆauˆb
)
, (3.21)
where we defined uˆa ≡ sˆa
Bˆ
and identified a projection operator
(
Bˆ−1
)
IJ
∇ˆaφI∇ˆbφJ ≡ ∆ˆab = ηµν + uˆbuˆa . (3.22)
Making the identification as in (3.12) and (3.13) for the hatted objects, we can define
the temperature as T = −FBˆ and the entropy density sˆ = Bˆ. In appendix B we follow
a similar computation as in (3.15) and show that the thermodynamic relations and the
conservation of currents indeed lead to the conservation of the entropy current sµ also in
the supersymmetric case.
As a side remark, we would like to mention a subtlety which is related to the definition
of charge densities in this formalism. Unlike a current, the charge density is a frame
dependent quantity. Using the formalism described in this section one can define two
different normalized velocity vectors
uµ ≡ s
µ
B
uˆa ≡ s
a
Bˆ
. (3.23)
uˆa transforms according to the standard NLRS, and can be used to define a SR current
jˆa = ρˆuˆa (3.24)
assuming that ρˆ transforms according to the standard NLRS as well. We can also define
the physical current using uµ, but these two definitions have to be related as follows:
jµ = ρuµ = A(A−1) µa ρˆuˆ
a (3.25)
Using (3.20), we find that the two definitions of charge density are related by
ρˆ = ρ
Bˆ
B
. (3.26)
6Notice that the dressing of sˆa is similar to the dressing of the vector V a which was introduced in eq.
(2.39) without the usage of the AV covariant derivative.
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3.2 Phonino interactions in the fluid
The Lagrangian formulation of classical ideal hydrodynamics can be used to find the in-
teraction terms of the phonon with the phonino or with itself by expanding around the
ground state:
φI = B
1/3
0
(
xI + πI
)
(3.27)
where we identify πI as the phonon, and B0 gives the value of B in the ground state. The
leading order terms in an expansion in the πI fields are:
δL = ∂F
∂BIJ
∣∣∣
0
δBIJ +
1
2
∂2F
∂BIJ∂BKL
∣∣∣
0
δBIJδBKL + . . .
= Ts
(
1
2
(
π˙I
)2 − 1
2
c2s
(
∂Iπ
I
)2)
+ . . . (3.28)
where we used (3.12) and the speed of sound is given by
c2s =
∂P
∂ε
∣∣∣∣∣
s
=
P ′(B)
ε′(B)
=
FBBB
FB
. (3.29)
Some details of this computation are given in appendix C. The Lagrangian (3.28) can
be used to study phonon scattering [18] and it is a good starting point to systematically
include non-dissipative terms.
We would like to use the same method to discuss the dynamics of the phoninos in an
ideal fluid with NLRS, and therefore make the modification appearing in (3.18). Taking
into account the fluctuations in the AV matrix
δA aµ = i
(
Gσa∂µG− ∂µGσaG
)
, (3.30)
we find new interaction terms in the expansion of the Lagrangian around the static back-
ground:
δ (AL) = ∂ (AL)
∂A aµ
∣∣∣∣∣
0
δA aµ +
∂2 (AL)
∂A aµ ∂BˆIJ
∣∣∣∣∣
0
δA aµ δBˆIJ + . . . (3.31)
The first term is the phonino kinetic term
i
∂ (AL)
∂A aµ
∣∣∣∣∣
0
(
Gσa∂µG− ∂µGσaG
)
= iηbµTˆab
(
Gσa∂µG− ∂µGσaG
)
. (3.32)
where we used (A.20). This kinetic term leads to the phonino dispersion relations discussed
in the introduction. We see also that the canonically normalized phonino should be divided
by a factor of
√
2Tˆ00 =
√
2ε.
The next term in (3.31) gives the two-goldstinos one-phonon vertex:
δ (AL) ⊃ iT s
((
Gσ0G˙− G˙σ0G
)
+ c2s
(
GσI∂IG− ∂IGσIG
))
(∂JπJ)
−iT s (GσI∂JG− ∂JGσIG) (∂IπJ + ∂JπI) . (3.33)
– 15 –
Details of the computations and computations of interaction terms with a higher number
of phonons appear in appendix C. Notice that the phonino does not interact with the
transverse mode of the phonon (or equivalently, the vortex ∂ × π). Using the canonically
normalized phonino, we find that the effective coupling for the phonon-goldstino vertex
(and similarly, the scattering of the phonino off n phonons) is proportional to Ts/ε. If
the temperature is very low in comparison with the scale of supersymmetry breaking
√
f ,
the coupling will be very small as well, since ε ∼ |f |2 ≫ Ts. On the other hand, at high
temperatures the coupling will be of order one. Therefore, as the temperature is increased
the phonino becomes more strongly coupled with the fluid.
4. Discussion
We presented the formalism with which the fermionic zero mode associated with the spon-
taneous breaking of supersymmetry enters the hydrodynamics description of a fluid. The
main ingredient was the dressing of the thermodynamics variables with a vierbein con-
structed using the phonino/goldstino. This was demonstrated in two frameworks – the
generating functional approach for hydrodynamics, and an effective field theory with non-
linearly realized supersymmetry.
The generating functional approach enabled us to write a hydrodynamics description
for the supersymmetric fluid in the presence of external sources. We considered the first
non-dissipative derivative corrections. The supercurrent first derivative terms take the
general form [13]
Si = −DsDiG¯−DσσijDjG¯ . (4.1)
The transport coefficients Ds and Dσ correspond to are our P2 and P3 in (2.47), which
shows that they are non-dissipative. Note that Ds ∝ iP2 and Dσ ∝ iP3, so the coefficients
can be complex in general. In a conformal theory the two transport coefficients are real
and have the same value Ds = Dσ.
We have limited ourselves to the discussion of the energy-momentum tensor and the
supercurrents, a clear extension will be to include conserved currents for global symmetries.
In the generating functional formalism this can be implemented by including gauge fields
and their fermionic superpartners in the supersymmetry transformations. More generally,
the approach can be extended to larger supersymmetries, so that the sources transform as
components of multiplets of different gauged supergravity theories.
The effective field theory approach enabled us to write scattering vertices for the
phoninos. Another useful result is a new prescription for dressing conserved currents with
goldstinos in effective field theory. One simply writes the currents using objects which
transform according to the standard realization, and multiplies by the appropriate factors
of the AV theory:
T µa = A(A−1) µb Tˆ
ab
jµ = A(A−1) µb jˆ
b
sµ = A(A−1) µb sˆ
b . (4.2)
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This form ensures that the transformation of both the current and its divergence satisfies
the SUSY algebra. The consistency of this prescription with thermodynamics in the ideal
case was a non-trivial test for its validity.
Let us now comment on possible phenomenological implications of the results presented
in this paper. The low energy theorems for theories with spontaneously broken symmetry
tell us that the interaction between the goldstino and the supercurrent is suppressed by
the SUSY breaking scale. However, in the paradigm of SUSY breaking in a hidden sector,
it is well known that the effective interactions with the standard model particles should
be suppressed by a higher scale, the mediation scale M , to ensure the decoupling of the
goldstino in the M →∞ limit [6]. In other words, when taking into account all quantum
corrections, there should be some cancelations that cause the coupling of the gravitino
to the SM plasma to be suppressed by 1M . However, we suggest that this should be
reconsidered. One may view the low energy fermionic zero mode as a linear combination of
the hidden sector goldstino and the SM phonino. The hidden sector goldstino coupling is
indeed suppressed by the mediation scale, but that of the phonino is not. Thus, although
the contribution of the phonino to the wave function is smaller than that of the hidden
sector goldstino, its interactions dominate and lead to the scattering terms discussed in
section 3.2. Such enhanced interactions with the low energy modes of the plasma should
be taken into account in the study of gravitino physics in the early universe, and perhaps
even modify its production mechanism. To our knowledge, this effect was not considered
in the literature to date.
Another possible phenomenological consequence of this analysis might be in relaxing
the constraints on the gravitino warm dark matter scenario: It is standard lore that dark
matter cannot be a thermal gravitino relic – such a relic must have mass of the order of
0.1 KeV to explain the dark matter mass density, while a thermal relic of the same mass
would have a velocity distribution which is inconsistent with limits obtained from large
scale structure [21]. The lower bound on the mass of such a relic arising from large scale
structure is of the order of several KeV, merely one order of magnitude higher than the
mass suggested by the relic density. In fact, a borderline scenario of a KeV gravitino as a
warm dark matter candidate has recently gained some renewed interest, since it provides a
drop in the power spectrum which might be able to solve astrophysical inconsistencies such
as the core vs. cusp question and the emptiness of voids (for a review we suggest [22]).
One possible solution is to consider a 0.1 KeV gravitino which freezes out with the correct
relic density, but with a velocity distribution which is modified by phonino interactions. In
other words, when the gravitino is thermalized, one has to take into account the phonon-
phonino effective interactions in the kinetic theory describing the freeze-out process of the
gravitino. Since these interaction is proportional to the momentum of the phonon, this
effect might slow down the phonino, and perhaps even lead to the required drop in the
power spectrum. We leave this idea for future work.
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A. Non-linearly realized supersymmetry
In this appendix we review some well known results regarding the Akulov-Volkov (AV)
formalism for non-linearly realized supersymmetry (NLRS) [12], and give new general ex-
pressions for conserved currents in this framework. In this section we will refer to the
fermionic zero mode as a goldstino. We will assume a flat metric, use the conventions of
[14] and absorb the supersymmetry breaking scale into the definition of the goldstino. For
additional reading we refer the reader to [19, 20].
A.1 The standard non-linear realization of supersymmetry
In the standard nonlinear realization of supersymmetry, the goldstino transforms as follows:
δξG
α = ξα + vµξ ∂µG
α
δξG
α˙
= ξ
α˙
+ vµξ ∂µG
α˙
, (A.1)
where G is the goldstino and
vµξ ≡ −i
(
Gσµξ − ξσµG) . (A.2)
Due to its non-linear transformation, the goldstino can be used to realize the SUSY trans-
formation of other fields:
δξφ = v
µ
ξ ∂µφ . (A.3)
Indeed, using the transformation of vµξ
δηv
µ
ξ = −i
(
ησµξ − ξσµη)+ vνη∂νvµξ , (A.4)
one can see that (A.3) satisfies the supersymmetry algebra
(δξδη − δηδξ)φ = −2i
(
ξσµη − ησµξ) ∂µφ . (A.5)
In this discussion we will assume that there is no linear realization of supersymmetry. In
other words, the energy scale is lower than the boson-fermion mass splitting, such that
only one “representative” of a supermultiplet exists in the low-energy spectrum.
A very useful object in this formalism is the AV vierbein:
A aµ ≡ δaµ + i
(
Gσa∂µG− ∂µGσaG
)
, (A.6)
whose variation is
δξA
a
µ = v
ν
ξ ∂νA
a
µ +A
a
ν ∂µv
ν
ξ . (A.7)
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Its determinant A transforms as
δξA = ∂µ
(
vµξA
)
, (A.8)
therefore the product of A with any objects which transforms according to the standard
realization will transform into a total derivative. This is most useful when constructing
actions invariant under NLRS.
Gradients do not transform according to the standard realization (A.3). We therefore
use the inverse vierbein, (A−1) µa ,which transforms as
δξ(A
−1) µa = v
ν
ξ ∂ν(A
−1) µa − (A−1) νa ∂νvµξ , (A.9)
and define the AV covariant derivative
∇ˆaφ ≡ (A−1) µa ∂µφ (A.10)
which does transform according to the standard realization
δξ
(
∇ˆaφ
)
= vνξ ∂ν
(
∇ˆaφ
)
. (A.11)
The inverse vierbein itself can be written using the covariant derivative
(A−1) µa = δ
µ
a − i
(
Gσµ∇ˆaG− ∇ˆaGσµG
)
. (A.12)
We note that the covariant derivatives are not commuting:
[∇ˆµ, ∇ˆν ]φ = −i
(
∇ˆµGστ ∇ˆνG− ∇ˆνGστ ∇ˆµG
)
∇ˆτφ . (A.13)
A.2 Conservation equations in NLRS
As explained in the text, conserved currents are unique objects in the sense that their
supersymmetry transformation properties are more constrained – we require the trans-
formation of both the current and its divergence to satisfy the SUSY algebra. Since the
derivative in the conservation equations is not the AV covariant derivative, this is not a
trivial condition. We therefore suggest the following form for the currents:
jµ = A(A−1) µa jˆ
a (A.14)
where jˆa is the current defined such that it coincides with the non-SUSY current in the limit
where the goldsitno is set to zero, and it transforms according to the standard realization.
We refer to these currents as ”standard realization” (SR) currents. jµ defined in this
way coincides with the classical current in the f → ∞ limit as well, but it has different
transformation properties:
δξj
µ = ∂ν
(
vνξ j
µ − vµξ jν
)
+ vµξ ∂νj
ν
δξ (∂µj
µ) = ∂µ
(
vµξ ∂νj
ν
)
. (A.15)
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Applying another NLRS transformation we find that the v dependent terms are symmetric
under the exchange of ξ and η and will therefore vanish from the commutator:
δηδξj
µ = −i (ησνξ − ξσνη) ∂νjµ + ∂ρ∂ν (vρηvνξ jµ)− ∂ν (vνξ ∂ρvµη jρ)− ∂ν
(
vνη∂ρv
µ
ξ j
ρ
)
δηδξ (∂µj
µ) = −i (ξσµη − ησµξ) ∂µ (∂νjν) + ∂µ∂ρ
(
vρηv
µ
ξ (∂νj
ν)
)
. (A.16)
The important point is that with this construction the SUSY algebra is indeed satisfied,
as in (A.5), for both the current and its divergence.
In the next section of this appendix we will show that this is the form of the currents
which is obtained from the Noether procedure.
A.3 Invariant actions and Noether currents in NLRS
In this section we use the well-known construction of invariant actions in the AV formalism,
compute Noether currents, and show that indeed they take the form suggested in (A.14).
To make a Lagrangian invariant under non-linearly realized SUSY we make the following
modification
L(φI , ∂φI)→ AL(φI , ∇ˆφI) (A.17)
(the index I runs over all the fields in the theory) . In other words, we replace all derivatives
with covariant derivatives and multiply the Lagrangian by A to make it transform into a
total derivative as explained above .
Let us first consider a Noether current corresponding to a global symmetry. We can de-
fine a “standard realization” (SR) current applying the Noether formula to the Lagrangian:
jˆa ≡
∂
(
L
(
φ, ∇ˆφ
))
∂(∇ˆaφI)
∂
(
δαφ
I
)
∂α
(A.18)
This is, of course, just a useful notation. The physical current is in fact given by
jµ =
∂
(
AL(φ, ∇ˆφ)
)
∂(∂µφ)
∂ (δαφ)
∂α
= A(A−1) µa
∂
(
L(φ, ∇ˆφ)
)
∂(∇ˆaφI)
∂
(
δαφ
I
)
∂α
= A(A−1) µa jˆ
a
(A.19)
in accordance with the prescription given in the previous section.
We will now compute the stress-energy tensor. For this purpose we define an SR
stress-energy tensor:
Tˆ ab ≡ −(A
−1)aµ
A
∂(AL)
∂
(
(A−1) µb
) = ηabL − ∂L
∂ (∇bφI)∇
aφI (A.20)
In the limit of zero goldstino fluctuations it is identical to the canonical stress-energy
tensor, and it transforms according to standard NLRS because it is constructed from
Lorentz scalars and covariant derivatives:
δξTˆ
ab = vµξ ∂µTˆ
ab . (A.21)
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The canonical stress-energy tensor in the presence of goldstinos can be related to the
classical one as follows:
T µa = −∂aGα ∂ (AL)
∂ (∂µGα)
− ∂ (AL)
∂
(
∂µG
α˙
)∂aGα˙ − ∂ (AL)
∂ (∂µφI)
∂aφI + ηµaAL
= −(A−1) µb (A−1)aρ
∂(AL)
∂
(
(A−1) ρb
)
= A(A−1) µb Tˆ
ab (A.22)
where we found the following relation useful:
−(A
−1) µb
A
∂(AL)
∂ ((A−1)ba)
= ηµaL − ∂L
∂ (∂µφI)
∂aφI . (A.23)
Again, we see that the form of the stress-energy tensor derived from the invariant action
agrees with the prescription suggested above, therefore the transformation of both the ten-
sor and its divergence satisfies the SUSY algebra. As in (A.15), the NLRS transformation
is given by
δξT
µa = ∂ν
(
vνξT
µa − vµξ T νa
)
+ vµξ ∂νT
νa (A.24)
This tensor is not symmetric, but it can be made symmetric (on-shell) by adding a Belin-
fante term
Θµν = T µν +
1
2
∂ρ (H
ρµν +Hµνρ +Hνµρ)
Hρµν ≡ ǫµνabT ρaGσbG . (A.25)
We move on to compute the supercurrent using the Noether procedure (as mentioned
above, we assume that all fields transform according to the NLRS):
Sµα =
∂
(
δξG
β
)
∂ξα
∂ (AL)
∂(∂µGβ)
+
∂ (AL)
∂(∂µG
β˙
)
∂(δξG
β˙
)
∂ξα
+
∂ (AL)
∂(∂µφI)
∂
(
δξφ
I
)
∂ξα
− iAL (σµG)
α
= −2iT µa (σaG)α (A.26)
Using the transformation properties of the stress-energy tensor and the goldstino we find
δξS
µ
α = ∂ν
(
vνξS
µ
α − vµξ Sνα
)
+ vµξ ∂νS
ν
α − 2iT µν
(
σνξ
)
α
. (A.27)
As required by the SUSY algebra, the supercurrent indeed transforms into the stress-energy
tensor (plus derivative terms). Substituting (A.22) into (A.26) we see that the supercurrent
can also be written in terms of SR quantities dressed with appropriate goldstino factors.
The conservation equations for the stress-energy tensor and the supercurrent combine
to give the equation of motion for the goldstino:
A(A−1) µb Tˆ
ab∂µ
(
σaG
)
α
= 0 (A.28)
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which reproduces the result appearing in (2.31).
For completeness we also write the expression for the R-current in cases in which only
the goldstinos have R charge (e.g. hydrodynamics with NLRS, as discussed below):
jµR = −2T µaGσaG
δξj
µ
R = ∂ν
(
vνξ j
µ
R − vµξ jνR
)
+ vµξ ∂νj
ν
R − iξSµ + iξSµ . (A.29)
The results of this section are consistent with [20] when using the goldstino self inter-
actions Lagrangian AL = −f2A.
B. Conservation of entropy current in fluids with phoninos
As a consistency check for the identification of the entropy current in the supersymmetric
case with the vector sµ defined in (3.8) , we show that the entropy is conserved by virtue
of the thermodynamic relations and the equations of motion. We begin by writing the
divergence of the entropy current as in (3.15) using the definition sµ = A(A−1) µa uˆasˆ and
the thermodynamic relations (3.13) and (3.14) for the SR objects:
−T∂µsµ = −∂µ
(
A(A−1) µa uˆ
a
)
T sˆ−A(A−1) µa uˆaT∂µsˆ
= −∂µ
(
A(A−1) µa
)
(ε+ P ) uˆa −A(A−1) µa (ε+ P ) ∂µuˆa −A(A−1) µa uˆa∂µε
= uˆa∂µ
(
A(A−1) µb Tˆ
ab
)
− uˆa∂µ
(
A(A−1) µa
)
P . (B.1)
Using the relation
∂µ
(
A(A−1) µa
)
= 2iAηbc
(
∇ˆaGσc∇ˆbG− ∇ˆbGσc∇ˆaG
)
(B.2)
we find
−T∂µ (suµ) = uˆa∂µ
(
A(A−1) µb Tˆ
ab
)
− 2iuˆaATˆ bc
(
∇ˆaGσc∇ˆbG− ∇ˆbGσc∇ˆaG
)
(B.3)
(Notice that the expression proportional to uˆauˆbuˆc drops from this expression because the
RHS in (B.2) is antisymmetric under exchange of a and b). Denoting µˆ ≡ uˆa∇ˆaG 7, and
recalling (A.22) and (A.26) we can rewrite this expression as:
−T∂µ (suµ) = uˆa∂µT µa − 2iT µa
(
µˆσa∂µG− ∂µGσa ¯ˆµ
)
=
(
uˆa + 2i
(
µˆσaG−Gσaµˆ
))
∂µT
µa + µˆ∂µS
µ + µˆ∂µS
µ
= 0 (B.4)
C. Phonon and phonino fluctuations
In this appendix we collect some results we found useful for the computations of phonon
and phonino interactions.
The Lagrangian (3.28) by considering the following fluctuation in the matrix BIJ ≡
∂µφ
I∂µφJ
δBIJ = B
2/3
0 (∂IπJ + ∂JπI + ∂µπI∂
µπJ) (C.1)
7This notation is based on (2.27).
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The necessary derivatives of F are
∂F
∂BIJ
∣∣∣
0
=
1
2
FBB(B
−1)IJ
∣∣∣
0
=
1
2
FBB
1/3
0 δIJ
∂2F
∂BKL∂BIJ
∣∣∣
0
=
1
4
(
FBBB
2 + FBB
)
(B−1)IJ(B
−1)KL − 1
2
FBB(B
−1)IK(B
−1)LJ
∣∣∣
0
=
1
4
(
FBBB
2
0 + FBB0
)
B
−4/3
0 δIJδKL −
1
2
FBB
−1/3
0 δIKδLJ (C.2)
Upon integration by parts, a term ∂IπJ∂JπI becomes (∂IπI)
2, giving the action (3.28).
For the computation of the two-goldstinos one-phonon vertex, (3.33), we use the fol-
lowing results:
∂BˆIJ
∂
(
A aµ
)
∣∣∣∣∣
0
= −Bˆ2/30
(
ηaIδ
µ
J + ηaJδ
µ
I
)
∂Bˆ
∂
(
A aµ
)
∣∣∣∣∣
0
= −Bˆ0δµa
(
1− δ0a
)
∂2 (AL)
∂A aµ ∂Bˆ
IJ
∣∣∣∣∣
0
=
1
2
FBBˆ0Bˆ
−2/3
0
(
δµa δ
0
aδIJ − c2sδIJδµa
(
1− δ0a
)
+
(
ηaIδ
µ
J + ηaJδ
µ
I
))
(C.3)
Computations of interaction terms with more phonons have an additional subtlety
as they involve contributions from different orders in δBIJ . For example, the goldstino
interactions with two phonons has a contribution from the linear order in δBIJ
δ (AL) ⊃ i
2
Ts
((
Gσ0G˙− G˙σ0G
)
+ c2s
(
GσI∂IG− ∂IGσIG
))
(∂µπJ∂
µπJ)
−iT s (GσI∂JG− ∂JGσIG) ∂µπI∂µπJ , (C.4)
and another term from the δBIJδBKL order
AL ⊃ i
2
Ts
((
1 + c2s
) (
Gσ0G˙− G˙σ0G
)
+ d2s
(
GσI∂IG− ∂IGσIG
))
(∂JπJ)
2
+
i
2
Ts
((
Gσ0G˙− G˙σ0G
)
+ c2s
(
GσI∂IG− ∂IGσIG
))
(∂JπK∂JπK + ∂JπK∂KπJ)
−iT s (1 + c2s) (GσI∂JG− ∂JGσIG) (∂IπJ + ∂JπI) (∂KπK)
+
i
4
Ts
(
GσI∂JG− ∂JGσIG
)
(∂KπI + ∂IπK) (∂KπJ + ∂JπK) (C.5)
where we defined d2s ≡
(
FBBBB
2 + 2FBBB
)
/FB and used
∂3 (AL)
∂A aµ ∂Bˆ
KL∂BˆIJ
∣∣∣∣∣
0
=
1
4
Bˆ
−4/3
0 δ
µ
a δ
0
a
((
FBBB
2 + FBBˆ
)
δIJδKL − 1
2
FBBˆδIKδLJ
)
−1
4
Bˆ
−4/3
0 δ
µ
a
(
1− δ0a
)((
FBBBBˆ
3 + 2FBBBˆ
2
)
δIJδKL − 1
2
FBBBˆ
2δIKδLJ
)
+B
−4/3
0
(
FBBBˆ
2 + FBBˆ
)
ηaIδ
µ
J δKL +
1
2
Bˆ
−4/3
0 FBBˆηaIδ
µ
KδLJ (C.6)
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